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We derive an effective interaction between hydrogen impurities in Niobium using a microscopic 
theory of hydrogen in metals. Our model consists of an infinite bcc-crystal with two hydrogen centres 
occupying tetrahedral interstitial sites, neighbouring on the first to the fourth coordination shell. The 
elastic interactions are assumed to obey the classical harmonic approximation. The electronic 
interactions due to both the coulomb potentials and the overlap of the impurity induced electron 
densities in the vicinity of the interstitials also play an important role. These latter interactions are 
treated as two-body interactions in a zeroth order approximation of the New Tamm-Dancoff-
method. A separation ansatz results in an effective interaction which depends on the distance 
between the interstitials and upon the spin states of their excess electrons. We propose some 
improvements on our model, and to test our calculations, we construct the grand partition function 
of an appropriate lattice gas model. 
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1. Introduction 

F o r many years research on hydrogen in metals has 
a t t racted the a t ten t ion of physicists. The motivat ion 
for this has come f rom both a basic as well as an 
applied point of view [1]. In part icular there are two 
topics of great interest: on the one hand the diffusional 
propert ies in metals of H and its isotopes allow a test 
of q u a n t u m theories of diffusion of light particles 
[2, 3]; on the other hand calculated phase diagrams of 
metal -hydrogen systems should link microscopically 
mot ivated models to the experimentally observed 
macroscopic behavior [4], 

The lattice formed by the interstitial sites of the 
metal crystal may be occupied or left vacant by the 
impuri ty H atoms. This forms a na tura l realization of 
the lattice gas model well known f rom statistical me-
chanics [4]. To employ the lattice gas model one must 
know the effective interact ions between the hydrogen 
centres, which are localized at the interstitial sites. The 
impor tance of the long range attractive elastic interac-
t ions for mean-field-like phase d iagrams has been for-
merly recognized [5] and has been investigated in de-
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tail [6, 7]. As the mean distance between the occupied 
interstitial sites becomes small at high storage densi-
ties, the specific form of the short range electronic 
interactions becomes impor tan t . While very crude ap-
proximations, (e.g., hardcore potentials [6] or screened 
cou lomb potentials [8]) are already sufficient to repro-
duce the quant i ta t ive s t ructure of the gas-liquid t ran-
sition, a detailed knowledge of the intract ions is neces-
sary to unders tand the s t ructure of ordered phases 
and sa tura t ion phenomena . It would therefore be de-
sirable not only to have phenomenological model po-
tentials, but also to have the means to calculate these 
interactions f rom a microscopic "first principles" the-
ory. 

Such a microscopic theory was in t roduced by Wahl 
et al. [9] using the New Tamm-Dancof f -method , which 
was originally applied to the study of elementary par-
ticles [10]. The main purpose of this me thod is to 
calculate the impuri ty induced energy changes in the 
elecronic system of the host crystal. Employing this 
theory we have recently t reated a single hydrogen 
center in an infinite bcc-crystal as a model for dilute H 
in niobium. We calculated the lattice relaxation, the 
dipole force tensor, the relative change of volume and 
the heat of solution [11] as well as local excitation 
energies of the H- impur i ty [12]. The results of these 
calculations are in good agreement with the experi-
mental data . 

This paper presents the first a t tempt to study higher 
storage densities (i.e., the regime where the assump-
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tion of non-interacting impurities no longer holds). 
Our principle focus is the calculation of an effective 
interaction potential between neighbouring H-centres 
in niobium. In contrast to other workers, who treat 
similar problems using density functional theories [13] 
or effective medium theories [14], we explicitely ac-
count for the dependence of the electronic energies on 
the host relaxation in the vicinity of the interstitials. 

In Sect. 2 we introduce our model and define such 
basic concepts as storage energy, electronic and elastic 
energy and interaction energy. In Sect. 3 we proceed to 
study within the classical harmonic approximation, 
the lattice statics of tetrahedral interstitials neighbour-
ing on the first four shells. Section 4 deals exclusively 
with the impurity induced perturbative forces and in-
teraction energies due to both the proton and electron 
systems. We present our results in Section 5: Here we 
compare the storage energy of two H-centres in sev-
eral configurations with twice the storage energy of 
one H-center. These configurations consist of neigh-
bours of first, second, third and fourth order on the 
lattice of the interstitial sites. The comparison yields 
an effective interaction energy between the impurities. 
These interactions will be shown to depend on the 
distance between the interstitial protons and on the 
spin states of their excess electrons. Finally we discuss 
the shortcomings of our model and propose some 
improvements on it. We consider a modified lattice 
gas model which allows to derive experimentally mea-
surable macroscopic quantities for tests of our calcu-
lations. 

2. A Microscopic Model Concerning Static Problems 

As with our preceeding papers on the static proper-
ties of metal hydrides [9, 11] we consider both the 
protons and the ions of the infinite Nb host lattice as 
classical pointlike charged particles. This approxima-
tion is justified by a twofold adiabatic decoupling: first 
of the electronic from the protonic and ionic subsys-
tems and secondly the protonic from the ionic subsys-
tem in both the hydrided and the unloaded crystal. 
Furthermore we are interested only in the equilibrium 
positions X of the host lattice. The protons are fixed 
at their ideal interstitial sites Y. These approximations 
amount to a neglect of the vibrations and diffusive 
motion. The electrons of the host and the stored 
H-atoms are treated quantum mechanically and are 
assumed to be in their ground states*. 

* For details see [15]. 

The storage energy of N hydrogen centres is defined 
as the ground state energy E(N)(X, Y) of the crystal 
with relaxed ion positions X storing N H-centres mi-
nus the sum of the energy E(X°) of the unperturbed 
host crystal (Ar° represents the ions at their ideal 
lattice positions) and the ground state energy of N 
non-interacting H-atoms ( - N Ryd). Formally we 
may write 

def 
AE l

s
N )(X, Y) = EiN)(X, Y)-E(X°) + N Ryd 

= AE(N)(X, F) + AT Ryd. (1) 

We define the interaction energy of N H-atoms intro-
duced into the host crystal as the difference between 
the storage energy of N H-centres embedded in the 
host and N times the storage energy of a single H-cen-
tre, 

def 
Y) = AE{

S
N){X, Y)-N • AE{

s
l)(X, Y). (2) 

Most of the statistical theories of phase transitions 
deal with two-body interactions. We therefore restrict 
our calculations to the special case of N = 2. 

The energy difference AE { 2 ) (X , Y) between the hy-
dride and the unperturbed crystal is divided into an 
elastic and an electronic contribution as 

A E^(X,Y)=Ul(X) + Q(X,Y). (3) 

The elastic contribution UL represents the energy 
change of the unloaded host due to the displacements 
s = .Y—A'0 of the ions to their new equilibrium posi-
tions. We assume the form of a harmonic approxima-
tion, 

UL(X) = jS (j) s; (j) tensor of force constants. (4) 

The electronic contribution Q includes the interac-
tions between the stored protons and electrons assum-
ing the host to be in the relaxed state, 

n = z £ r j ^ y - . m r r A y ] 

„ fc = i \An — rk\ \r1 — r2\ 

Z denotes the charge of the ions and 

co{2)(X., Y) = e<z + 2)(X, Y)-e{z)(X) 

• (5) 

(6) 

is the energy difference between the z -I- 2-electron sys-
tem of the relaxed host storing 2 H-centres (the hy-
dride system) and the z-electron system of a crystal 
with the ions at the equilibrium positions of the hy-
dride system but without any implemented H-atom 
(the reference system). 

The equilibrium positions of the ions of the hydride 
system are obtained by minimizing the storage energy 
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Fig. 1. The tetrahedral interstitial sites in a conventional bcc 
unit cell. 

(1) with respect to the displacements s of an appropr i -
ate number of ions in the vicinity of the interstitials 

VSm A£<2>(s, F)|So = 0, Vm. 

This yields a system of force equat ions 

Z4>mnSn=-KmQ(s, Y) 

with the internal elastic forces —Fm on the left side and 
the per turbat ive forces fm on the right side. Using the 
static Green 's tensor ^ which obeys ^ <J) = <J) ^ = 1, (7) 
can be inverted and resolved with respect to the dis-
placement as 

sk = H Gkmfm(s, Y). (8) 

Once the funct ional dependence of the perturbat ive 
forces on the displacements is known, (7) can be solved 
for a rb i t rary configurat ions of two neighbouring 
H-centres on the interstitial lattice. D u e to the symme-
try g roup O h of the bcc-lattice, the tensors Gkm reduce 
to only a few independent elements [15]. We have used 
the values of the matrix elements found in reference 
[16]. 

3. Lattice Statics of two Neighbouring Hydrogen 
Impurities 

It is known f rom both experimental [17] and theoret-
ical [18] investigations that in their ground state, hydro-
gen centres in n iobium occupy the tetrahedral intersti-
tial sites (Figure 1). As all interstitial sites are equivalent 
with respect to the host lattice, we may choose any one 
of them as representing the centre of the coordinat ion 

Fig. 2. Interstitial sites on the first four shells around one 
H-centre. 

(7) Table 1. Interstitial sites on the first four shells around the 
interstitial | (2, 1, 0) 

Shell Distance Coordinates Represen-
tative 

W 2 

1.17 Ä 

4 
1.65 Ä 

%ß 

2.02 A 

2.33 A 

(2, 0, 1), (2, 0, - 1 ) 
(1,2, 0), (3, 2, 0) 

(2, - 1 , 0 ) , (2, 3, 0) 

(4, 2, 1), (4, 2, - 1 ) 
(3, 0, 2), (3, 0, - 2 ) 
(1, 0, 2), (1, 0, - 2 ) 
(0, 2, 1), (0, 2, - 1 ) 

(4, 1, 2), (4, 1, - 2 ) 
(0, 1, 2), (0, 1, - 2 ) 

(3, 2, 0) 

(2, 3, 0) 

(3, 0, 2) 

(4, 1, 2) 

shells on the lattice of interstitials. Previous models 
employing hard-core short range electronic interac-
tions have been mot ivated by the s t ructure of the 
ordered /J-phase. This phase exhibits no occupat ion 
up to the third shell a r o u n d a given hydrogen impu-
rity [17], O u r aim is to calculate an interact ion poten-
tial within this "hard-core"-region, therefore we only 
consider ne ighbour ing H-centres on the first four 
shells (Fig. 2 and Table 1). As all interstitials on shells 
up to the seventh are equivalent with respect to the 
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1. 

Fig. 3. Four configurations of neighbouring H-centres I and 
II and the ions participating in the relaxation. 

centre of the shells, we can restrict our investigations 
to a single representative of each. In par t icular we 
consider the four configurat ions with two occupied 
interstitials, 

a a 
configurat ion 1: - (2, 1, 0) (3, 2, 0), 

4 4 

configurat ion 2: ^ (2, 1, 0 ) - ^ (2, 3, 0), 

configurat ion 3: ^ (2, 1, 0 ) - ^ (3, 0, 2), 

configurat ion 4: - (2, 1, 0 ) - - (4, 1, 2). 
4 4 

Here a denotes the lattice constant of N b (3.30 Ä) and 
the origin of the reference f rame is situated at ion 1 
(see Figure 3). 

In our calculations external per turbat ive forces and 
ionic displacements are confined to the nearest neigh-
bours of the impurities. We justify this approx imat ion 
by the encouraging results of our previous investiga-
tions [11] and certain experiments [19] which show 
the displacement of the next nearest ions to be consid-
erably smaller to that of the nearest neighbours. We 
further assume the per turbat ive forces to be addit ive 
central forces depending only on the distance between 
the impurities and the host ions. Due to the smallness 

of the non-radial components of the displacements, we 
also suppose that they act only along the direction 
f rom the impurity to the unrelaxed ion. 

Using these assumptions, we extract f rom (8) a sys-
tem of equat ions that specify a given configurat ion, 

(9) 

s denotes the 3 K-dimensional vector of the displace-
ments of the K ions involved, g. is a reduced Green ' s 
matr ix determining the response of these ions to the 
forces acting upon them. / r a d is a vector, which is a 
function only of the K absolute values of these forces. 
The functional dependence on both the direct ions of 
these forces, and the forces exerted on the ions due to 
the pair of impurities, is contained implicitely in g. 
Thus g is a K x 3 K-matrix. F o r the sake of clarity 
Fig. 3 shows a compilat ion of the four conf igurat ions 
where each of the relevant ion is denoted by a number . 

As discussed above the equivalence of the intersti-
tial sites with respect to the host lattice allows us to 
restrict our calculations to the vicinity of one of the 
two impurities. The effect of the second impur i ty is 
taken into account via the reduced Green's matr ices p. 
We than infer the displacements of the ions ne ighbour-
ing the second impurity f rom the symmetry proper t ies 
of the bond. Thus (9) reduces to 7 (configuration 1), 
3 (conf. 2), 9 (conf. 3), 6 (conf. 4) and 2 (one single 
impurity) scalar equat ions **. After evaluating the ele-
ments of g from the static Green 's tensor given in 
reference [16] the per turbat ive forces remain the only 
unknown quantities. 

4. Impurity Induced Perturbat ion Forces 

In accordance with (5) and (7) we split the pe r tu rba -
tion forces into an electronic contr ibut ion 

rm(X)=-V^oPHX, Y) 

and a protonic contr ibut ion 

f 2 Z e 2 

fpJX)=-rxm I Z 77jr 
I x„-yl 

+ 
y1-y2 

(10) 

(11) 

4.1. The protonic contribution 

Due to the equivalence of the interstitials and the 
fact that the reduced Green 's matrices account for 

** The construction of the reduced Green's matrix ^ is 
shown representatively for configuration 2 in the Ap-
pendix. 
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the influence of the second per turbat ion center, it is 
sufficient to calculate the force acting from one pro ton 
to an ion m as 

/m
PW=-FV Z Zc 

4
 2 ( 1 1 

Ze2(Xm-Y) 

\XM-Y\3 

The sum over n denotes the change of the coulomb 
energy due to the displacements of the nearest neigh-
bours . The value of the effective charge Z will be dis-
cussed below. 

4.2. The electronic contribution 

This cont r ibut ion to the perturbat ive forces is deter-
mined by the displacement dependence of the energy 
eigenvalue in (6). To calculate this small difference be-
tween the infinite electronic eigenvalues of the hydride 
system and the reference system we use the New 
Tamm-Dancof f -method . The two eigenvalue prob-
lems are treated within the formalism of quan tum field 
theory and then t ransformed into a valence band rep-
resentat ion. The filled valence band of the host crystal 
is defined as a "dressed" vacuum. A mapping into a 
tensor p roduc t space then yields a single functional 
eigenvalue equat ion for the difference between the two 
initial eigenvalues. This functional eigenvalue equa-
tion is equivalent to a Fock-space representation and 
so may be interpreted physically [20, 21]. 

In zeroth approximat ion , the procedure yields an 
eigenvalue equa t ion for two excess electrons [15] de-
scribed by the two-part icle function A (s; and o{ denot-
ing the spin)*** 

<5r.„. B(xl,x2\yl,y2)A(yl,o1,y2,a2) Si a I "s2 <T2 
= co(2) ,st,x2, S2) 

with an integral opera to r 

(13) 

B{xx, x2\y^,y2) 

= S1(x1,yl) [S, (x2, r) {(D + Fp) (r, F, X, Y)} S, (F, y2)] 

+ (x2, y2) [St (x,, r) {(D + Vp) (r, F, X, Y)} S, (F, y 1)] 

+ Tr [ Vp (r, Y) S0 (r, r)] (x,, y,) S, (x2, y2) 

e 2 

+ Sl(xl,r) Sl (x2, r) (F, y2) S, (r, y,). (14) 
|r-r | 

*** We use an extended Einstein convention, i.e. summation 
over multiple indices and integration over multiple ar-
guments. 

Here (D + Fp) is an abbreviat ion for the Har t ree-Fock-
opera tor 

D(r, r',X) = 
h2 2S0 q) 

2 mc \q-r\ 

S(r—r')+ Fex(r, F) , (15) 

(12) and the p ro ton potential 

V9(r, Y)ö(r-r')=- Z : 77~. 
k= i \r- Yk| 

<5(r -F) . (16) 

The opera tors S0 and S t with S0 + = 11 may be con-
structed with Bloch funct ions of the unper turbed crys-
tal and project on to occupied (S0) and unoccupied (S t) 
states respectively. S0 (q, q) describes the electron den-
sity n of the unper turbed host. Due to spin degeneracy 
we have 2 S0(q, q)-Zn(q). In our calculat ions we em-
ploy a density computed by K. M. H o et al. using a 
selfconsistent pseudopotent ia l theory [22]. Like these 
authors , we approx imate the nonlocal exchange po-
tential by a local Slater-x a-potential , 

' 3 Z n ( r ) Y / 3 

Vex(r,r)=~oc3e2[—— ö(r — F), 

with a = 0.8. (17) 

Sx or thogonal izes the eigenstates \A> of (13) on to the 
filled valence band of the host . F o r practical purposes 
we take into account in only the 5s-electrons and 
describe them as plane waves, 

Si(x,x')= Z — e1'* <*"*'>. 
k unocc 

(18) 

In a fur ther step we in t roduce or thogonal i ty onto the 
localized states (core states and 4 d valence band 
states) by a hardcore added to the bare cou lomb po-
tential of the ions to obta in an effective potential 

1 _e-y\r-Xn\2 

Vt(r, X)=-Ze2 Z — • (19) 

A hardcore parameter 0 . 4 < y < 0 . 5 reproduces the s-
and p-contr ibut ion of the pseudopotent ia l of H o et al. 
quite well. Within this range we fit the parameter to 
the experimentally obtained heat of solution and fix it 
to y = 0.45 [11]. This effective ion potent ial is split into 
two parts, 

V\ X)=Vl (ir, X°) + [V, (f, X)-V, (r, JT0)]- (20) 

The first term is evaluated together with the electronic 

potential Z e2 f d^ — ^ (where n (q) is taken from H o 
\q-r\ 
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et al.) in the reciprocal lattice. This yields the embed-
ding energy of an excess electron into the unper turbed 
crystal 

, 47T _ 1 — n(k) ., 
v ^ ' - X ) = Z e ä 0 z - w 2 * ( 2 1 ) 

The second term accounts for the displacements of the 
next neighbouring ions. There is no term to describe 
the change of the electron density distr ibution a round 
the diplaced ions. It is reasonable to assume that the 
localized 4d-electrons will follow the ions adiabat i -
cally and therefore lead to a screening effect with an 
effective charge Z e f f . We chose Z e f f = 5 in all potentials 
which do not depend on the latice relaxation, all 4 d 4 

and 5 s1 are assumed to be valence electrons, and 
Z e f f = 1 in all displacement dependent potentials (ac-
cording to the displaced charge of the d-electrons). 
This approximat ion is also made when we calculate 
the embedding energy of the p ro tons into the host. 
The displacement independent term is evaluated 
analogously to (21) in the reciprocal latice and the 
displacement dependent term is the sum over n in (12) 
with Z = 1 *. 

The embedding energy of the p ro tons in the valence 
band is described by 

Tr[F p ( r , F ) S 0 ( r , r ) ] = - X e2 $ dr 
2 S0 (r, r) 

I r-YA 
(22) 

and appears as a renormal isa t ion constant . 

4 .2 .1 . A S e p a r a t i o n A n s a t z 

As the solution of the one-particle problem is 
known [11], it is na tura l to make a separat ion ansatz 
to solve (13). For this purpose we expand the two-par-
ticle function \f i) into Slater-determinants of the one-
electron functions. These funct ions are fourfold degen-
erate with respect to the spin and the localization at 
the first or the second interstitial. The opera tor (14) 
does not contain any explicit spin interaction, so we 
can separate the spin state and consider only the 
space-dependent part . We are left with a symmetric 
function, connected with an ant isymmetr ic spin state 
(singlet) and an ant isymmetr ic function, connected 
with three different symmetric spin states (triplet). Be-
cause of the or thogonal i ty of these two funct ions we 
have two independent integro-differential equat ions 
for the symmetric and the ant isymmetr ic funct ion re-
spectively. 

* We discussed all the above mentioned approximations in 
greater details in [11], 

The integral opera tor defined in (14) is uniquely 
decomposed into one-particle cont r ibut ions and 
B 2 , and a two-particle contr ibut ion B l 2 . Then these 
equat ions decompose into an equat ion for the one-
electron eigenvalue co(1), 

<*'(*) |£M*|.y) + ß2(jcLy)l f i y ) > = 2co(1>, (23) 

and an interaction potential 

Aco = a / 2 ) —2co(1) (24) 

_ <*l(x)\Bl2(x\y)\*ljy)-> ± </fn(x)\Bl2(x\y)\ ^'(j)> 

\±(tn(x)\Al(x)y 

where " + " denotes the singlet and " —" the triplet 
state respectively. /£' and Au are product states of nor-
malized one-particle eigenfunctions, 

A\x) =Al(xl)42(x2), 

/<"(x) = J2(xl)fi1(x2). 

Although this spin valence method proposed first 
by Heitler and London [23] did not provide quant i ta -
tively accurate values for of the binding energy of the 
H2-molecule, we expect more reliable results. In our 
case there exists a lower limit on the distance between 
the pro tons given by the radius of the first shell of 
neighbouring interstitials (1.17 Ä). This distance ex-
ceeds the bond length of H 2 (0.74 Ä). It is well known 
that the results obtained by this procedure applied 
improve with increasing distance between the protons . 
Within the interesting range of ca. 1.1 Ä (Conf. 1 ) -
2.3 Ä (Conf. 4) the error will be sufficiently small [24]. 

One-particle Equation and Perturbation Forces 

Equat ion (23) separates into two uncorrela ted one-
particle equations. Fo r the solution of the one-part icle 
problem we refer to [11]. In contrast to this former 
work we use a simplified expansion of the one-part icle 
eigenfunction /f ;(x), 

M*) = ßo fioo(*)+ X ßn ̂ oo W- (25) 

The generalized hydrogen functions cf):
nlm are o r thogo-

nalized onto the valence band of the host, 

^z
lm(x) = S1(x,r) (f>z

nlm(»*). 

We neglect non-radial components , which can be 
shown to make a much smaller cont r ibut ion [11]. 
With this expansion and the eigenvalue normalized by 
one term of (22) we t ransform the one-particle equa-
tion into an algebraic eigenvalue matr ix equat ion. 
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This equation depends on the radial displacement s rad 

of the next neighbours, 

Jf(siad) /?(srad) = /(1)(srad) °U ß(siad). (26) 

We determine the eigenvalue x(1) and the vector of 
coefficients ß:

n as well as the one-particle electronic 
contribution to the perturbative forces (10), 

Q 
f w = - co ( i ) ( ^ )= - ^ (27) 0 sm 

within a range of 0.3 a.u. <s r a d < 1 a.u.; m = l , . . . , 4 
(next neighbours). 

Interaction Potential 

As a consequence of our representation for the pro-
jection operators ^ ( x , j) , (18), they commute for dis-
tinct arguments. With the aid of this property and 
using that 

S1(x,y)Ai(y) = Ai(x), i = l , 2 , 

which holds in the zeroth approximation of the N T D -
procedure [15] we can eliminate completely the Sj-pro-
jectors from the interaction term (24)**. The remain-
ing contributions to the potential are in particular the 
coulomb interaction, 

V = Jf dr, dr\ A* (r 1) A'* (r'2) — f — A (r'2) A (r4) 
k i - ^ i l 

and the exchange interaction, 

A(rx) (28) 

and constructed by expanding these functions with 
respect to one centre into a series of spherical harmon-
ics around the other one, 

i* ( r 2 )>= £ z 
1 = 0 m= -l 

• < ^ ( 5 1 ^ 1 ) 1 ^ 2 ^ 2 ^ 2 ) ) • OO) 

A formulation accomodated to numerically computed 
one-particle functions, which is relevant to our consid-
erations, was presented by Löwdin [25]. He also 
pointed out a suitable convergence test, which allows 
us to fix the upper limit of our expansion to / = 12. 

Even though our calculations show the one-particle 
eigenvalue shifting considerably with the displace-
ment of the nearest neighbouring ions, the eigenfunc-
tion within the interesting range is almost indepen-
dent of the relaxation. As the only dependence of Aa> 
on X occurs via the eigenfunctions A, we set 

f f (®)=: -r?Aaj(d,X) = 0. (31) 

Hence there are no contributions of the electron-elec-
tron interaction to the electronic perturbation forces. 

We now define the electronic interaction to be the 
sum of the two-body contribution of the electronic 
energy and the bare coulomb interaction between the 
protons, 

AWe(d) =: — +Aa>(d). 
d 

(32) 

The numerically computed curve of this function is 
represented in Figure 4. 

^ = fjdr1 dr\ A*{r2)A*{r\)- ~A(r'2)A{r,) (29) 
r, —r, 

• 2 j d r 1 A*(r2) 
\ ' I - Y 2 \ 

A{r,) Jdr, A*(rx) A(r2). 

The functions A(rx) and A(r2) are identical functions 
w.r.t. the interstitials 1 or 2 respectively. 

An appropriate coordinate transform [25] results in 
r2 = r2 (d, rx) where d is the distance between the inter-
stitials. Hence an evaluation of the two-center inte-
grals will be possible provided that we have a suitable 
representation of A(r2) in terms of d and rx. Such 
representations are well known in molecular physics 

** Clearly they are implicit in the eigenfunctions 4{(y) of the 
one-electron problem, since these are orthogonal to the 
Bloch states (18). 

5. Results: Storage Energy and Effective Interaction 

We are now in a position to carry out an iterative 
numerical solution of (9) using the perturbative forces 
given by 

Q 
(33) m l * J 2 to 

which result from a hydrogen center situated at the 
origin of the reference frame. With a starting vector 
srhs(0) = 0 on the right hand side and an iteration pro-
cedure, 

s[hs(n — l) + s|hs(n) 
S; (n) = , Vi5 

we obtain a selfconsistent solution of (9) to an accu-
racy of 10" 5 a.u. within less then 15 iterations. 
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Dis-
tance 
[Ä] 

State of 
Excess 
Electrons 

Storage 
Energy 
A£s [eV] 

Interaction 
Energy 
W [eV] 

Twice a 
single centre 

-5 .026 0.000 

Config. 1 

Config. 2 

1.17 

1.65 

singlet 
triplet 
singlet 
triplet 

-5.407 
-4 .519 
-4 .775 
-4.978 

-0 .38 
0.51 
0.25 
0.05 

Config. 3 2.02 singlet 
triplet 

-4 .918 
-4 .918 

0.11 
0.11 

Config. 4 2.33 singlet 
triplet 

-4 .999 
-4.907 

0.03 
0.12 

The displacements s0 an d the per turbat ion forces / 
thus calculated determine the storage energy (1) of 
each configurat ion respectively, 

A 17(2) 1 TT f ( \ < 2 4 U xr i - n M ikY 

Z rn i=1 " n 0 n i= 1 " o ^ O 
1 1 

+ Z I * . „ 
m i = 1 11^»™ 1 \ X - Y ; 

+ AfFe
<2)(| y i - F 2 | ) + 2Ryd . 

+ 2 / ( '(s0 

0.0 0 .5 1.0 1.5 2 .0 2 . 5 
Fig. 4. Electronic interaction energy between two neigh-
bouring H-centres. Solid curve: singlet electron state, dotted 
curve: triplet electron state. 

Table 2. Interaction parameters of H-centres neighbouring 
in first to fourth order on the interstitial lattice in niobium. 

The index m runs over the ions participating in the 
relaxation. In particular, there are the following con-
tr ibut ions to the storage energy: 

- The elastic energy (4) 
- Twice the embedding energy of one pro ton into 

the host analogous to (21) 
- The change of this embedding energy due to the 

dislocation of the next neighbours of the protons 
(see (12)) 

- Twice the eigenvalue /l (1 )(so) the one electron 
problem (26) and 

- The electronic interact ion AW e {d) between the 
two hydrogen centres (32). 

A compar i son of the s torage energy of each config-
urat ion to twice the s torage energy of one H-centre 
yields the interaction energy W(2). A compilat ion of 
the results is given in Table 2. 

6. Discussion and Conclusion 

We have calculated the effective interaction between 
two hydrogen centers in niobium, which are neigh-
bour ing f rom first to forth order. The elastic contribu-
tion has been treated in the classical harmonic 
approximat ion . We have employed a Born-Oppen-
heimer decoupling of the various subsystems and 
neglected vibrat ion and diffusive mot ion of the host 
ions and the embedded protons . The electronic contri-
but ion has been evaluated by means of the New-
Tamm-Dancof f -method in zeroth approximat ion. 
This procedure reduces the electronic many-body 
problem in the crystal with two hydrogen impurities 
to a two-center and a two-excess electrons problem. 
We accounted explicitly for the dependence of the 
electronic eigenvalues on the lattice relaxation. 

We find the effective interaction to be dependent on 
the distance between the H-centers and the spin state 
of their excess electrons. F o r the triplet state of this 
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quasi-molecule the interaction is always repulsive, and 
for the singlet state we obtain an attractive interact ion 
on the first coordination shell and repulsive interac-
tions on the second, third and four th shell. The g round 
state varies with the distance between singlet and 
triplet configuration: On the first shell we have a 
singlet ground state, on the second shell a triplet. O n 
the third shell the singlet and the triplet state have the 
same energy (within the accuracy of our calculations), 
and on the fourth shell again the singlet has a lower 
energy. 

The pure metal states, which are described by the 
projection operators S0 and Sx remain unchanged in 
zeroth approximation. This rigid band proper ty ex-
cludes a description of the Friedel oscillations, which 
are typical a round screened protons . A recent applica-
tion of a higher order approximat ion of the N T D - p r o -
cedure to the one-center problem removed the rigid 
band and lead to oscillations of the electron density 
a round the zero level of the "dressed" vacuum in the 
vicinity of the embedded p ro ton [26]. Band s t ructure 
calculations on H in Nb show a hybridizat ion of the 
pure metal states induced by the H-impurit ies [29], 
Within our approach this feature will emerge when we 
employ higher approximat ions of the theory. 

A nonlocal change of the metal states, on the other 
hand, will demand a periodically loaded crystal (e.g. 
the ß- or y-phase of NbH), which is the start ing point 
of band structure calculations. This indicates a second 
problem of our model: the restriction on two-body 
interactions can serve only as a first approach. Latt ice 
relaxation and electron eigenvalues are genuine 
many-body problems and not additive in general. 
Fur ther microsocpic investigations have to account 
for three- and more-particle correlations, i.e., they 
have to include models of three and more H-centers in 
the host lattice***. 

To check the validity of our calculations by a com-
parison with experimental results, we have to calcu-
late the phase diagram of a lattice gas with the interac-
tion parameters of Table 2. In contrast to s tandard 
models we have to deal with 2 interaction parameters 
at each coordinat ion shell up to the four th one. We 
propose the construction of the grand par t i t ion func-
tion as follows. 

*** An extensive numerical treatment of manybody poten-
tials was performed by Oates and Stoneham [28], but they 
restricted on the elastic interactions. 

Divide the total interaction L/ab between two hydro-
gen centers at interstitials a, b into a short range con-
tr ibut ion Wab and a long range contr ibut ion Fa b . 

ab 1Kb. \Ya-Ybl>R0. 

Chose the radius R0 in such a way that the parameters 
of Table 2 account for the short range part . Let us 
consider the spin state by occupat ion variables x 
which may take the values 0 for nonoccupat ion, + 1 
or — 1 for spin up and spin down respectively. N o w 
split the potential PFab into a singlet and a triplet con-
tr ibut ion with the condit ions 

^ a b T a T b = ' T a T b = 0 

[ W j b , T a T b = 1 . 

The long range elastic interaction Fab may also include 
sample shape dependent contr ibut ions (for details see, 
e.g. [8]). We thus have to evaluate a configurat ional 
grand par t i t ion funct ion 

J " _ Jr [g - ß ( 1/2 UWub + Vab) ta " P * *!)] ? 

where the trace is the sum over all possible configura-
t ions of occupat ion. Hamil tonians of this kind are 
familar f rom BEG-models or f rom lattice models of 
binary alloys with one magnetic component (see, e.g. 
[29]). Hence the direction for our further investiga-
t ions on this topic is marked. 
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Appendix: Reduced Green 's Matrices ^ (Example) 

As Fig. 3 shows, we have 6 relevant ions in configu-

ration 2. The essential symmetries of the bond ~ (2,1,0) 

- 2 ( 2 , 3, 0) are: 

1. Mi r ro r plane xy formed by the ions 1, 2, 5 and 6. 
2. Mi r ro r plant yz formed by the pro tons I, II and the 

ions 3 and 4. 
3. Mi r ro r plane xz formed by the ions 3 and 4. 
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The ions 1, 2, 5, and 6 are equivalent to one ano ther 
w.r.t. the per turbat ion centres, the same holds for 3 
and 4. Thus we have only two distinct absolute values 
/i> h f ° r the perturbat ive forces: 

fx = h e\; f2=fi e\ ; f 3 = f 2 (e\ + ^); 

= + f s = h exl h = h el 

e{ are the unity vectors f rom pro ton j to ion i. F r o m 
(8) we get for m = 1, m = 3: 

6 

Z Gmnfn{s) 
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In matrix form we obtain (9) 

9 ii 012V/1W 

031 «732/ \ f 

with the vector-valued elements of the reduced Green's 
matr ix ^ 

Qmi = Gml e\ + Gml e\ + Gm5 en
5 + Gm6 ex\, 

dmi = Cm3 (^3 + ex\) + GmA (e\ + exl). 
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